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The unitary representations of the Diff group 

A B Borisov 
The Institute of Physics of Metals, Ural Scientific Center, Academy of Sciences of the 
USSR, Sverdlovsk, USSR 

Received 26 September 1978 

Abstract. A new series of unitary representations of the general covariant group in 
N-dimensional real vector space (group Diff RN) is constructed. The matrix elementsof the 
finite transformations in the space of the principal series of unitary representations of the 
special linear group SL(N, R ) ( N  > 3) and in the space of all series of unitary representations 
of SL(2, R ) ,  SL(3, R )  are found. 

1. Introduction 

In recent years there has been much interest in the unitary representations (UR) of the 
Diff R group? (see the review by Vershik et a1 1975). It is important to construct the 
UR of Diff R because of their applicability to physical problems and the theory of UR 
of infinite Lie groups. 

The finite-dimensional representations (FDR) of Diff R N  are well known. They are 
defined on the tensors @;;:::;:(x)(r, s = 1,2,  . . .> and the pseudo-tensors @~~. !&pr (x )  of 
weight n (r, s = 1,2,  . . .) (n is an integer) which under the Diff R N  transformation of 
coordinates x, + x l (x )  transform as 

and 

At any point xo E R the matrices 

ax;, ax;, axg, ””), ( (detg)n& . . .  ax&, ax,, . . .+] ax, . . .  . . .  
ax ax,, ax, ax;, axp, 

are matrices of the determined FDR of the linear group GL(N, R )  for the element 

g(xo) = ?(x = XO)} E GL(N, R ) .  

t More precisely the Diff R N  group is not a group in the present-day sense of the word (Singer and Sternberg 
1965): it is a (Lie) pseudo-group which is defined in RN by families of diffeomorphisms, closed under the 
operations of composition and inversion. 
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In a recent paper (Borisov 1978, referred to hereafter as I) new series of UR for the 
Lie algebra of the Diff RN group in the infinite-dimensional space of the UR of the 
SL(N, R )  group were obtained. The present paper is a continuation of I. Here we 
construct a new series of UR of Diff R N .  They are defined in the infinite-dimensional 
space of the UR of the SL(N, R )  group and are realised by infinite-dimensional matrices 
T,.c,l. At any point X ~ E  RN the matrices T,,c,, are matrices of the determined UR of 
GL(N, R) for the element 

g(x0) = - ( x  = x 4 .  

2. The unitary representations of the Diff R” group 

2.1. T h e  Iwasawa decomposition for the matrix 1 4 ( x ’ ( x ) ,  x i  

First we assume all the conventions and notations of I. In what follows we refer to 
equation (.  . .) of I as ( I .  . .). At every point RN having coordinates x ,  we associate 
with the transformation (11) the element A ( x ’ ( x ) ,  x )  of the group GL(N, R) defined by 
the matrix { A , ” ( x ‘ ( x ) ,  x ) >  = { a x ~ ( x ) / a x , } .  Let us examine properties of this matrix, 
restricting ourselves to the transformations (11) with det A ( x ’ ( x ) ,  x )  >O.  The matrix 
A ( x ’ ( x ) ,  x )  forms the representation (non-unitary) of Diff RN,  since the relation 

(3 1 

is valid for any transformations x ,  + x ; ( x ) ,  x : ( x ) - x ~ i x ’ ( x j )  of Diff R”. c i ( x ’ ( x ) ,  .I-) 
can be written as a product 

i41 

where the matrix d ( A ( x ’ ( x ) ,  x)) is proportional to the unit matrix I :  d ( A ( x ’ ( x ) ,  x ) )  = 
det A ( x ’ ( x ) ,  x )  . I and - A S ( x ’ ( x ) ,  X ) E  SL(N, R). By the Iwasawa decomposition 
(Helgason 1962) h , ( x ’ ( x ) ,  x )  can be written as a product 

A ( x ” ( x ’ ( x ) ) ,  x’(x))A(x’(x), x )  = A ( x ” ( x ‘ ( x ) ) ,  x )  

-A(x ‘ (x ) ,  x )  = d ( A ( x ’ ( x ) ,  x ) ) ’ A s ( x ’ ( x ) ,  XI, 

A, (X‘ (X) ,  x )  = k ( x ) a ( x ) t ( x ) ,  15) 

where k ( x )  E SO(N) ,  a ( x )  E A,  t ( x )  E T. In the following we will use two important 
properties of the Iwasawa decomposition: (i) the Iwasawa decomposition is unique; and 
(ii) the product of some element k E SO(Nj and the matrix A s ( x ‘ ( x ) ,  x )  can be written as 

( 6 )  

where k . A,(x’(x), x )  E SO(N) ,  a ( k ,  A,(x‘(x), x j )  E A, t ( x )  E T. The matrices 
k .  A r ’ ( x ’ ( x ) ,  x)  and a(k ,  A ; ’ ( x ’ ( x ) ,  x ) )  satisfy the relations 

(71 

A , ( ~ ’ ( X ) ,  x ) k  = k .  A S ( x ’ ( x ) ,  x ) u ( ~ ,  A , ( x ’ ( x ) ,  x ) ) ~ ( x ) ,  

k . . ~ ; ‘ ( X ” ( X ’ ( X ) ) ,  x )  = k .  h h ‘ ( x ” ( x ‘ ( x ) ) ,  x ’ ( x ) )  . A i ’ ( x ’ ( x 1 ,  x )  

and 

a(k ,  . 4 ~ 1 ( x ” ( x f ( x ) ) ,  x ) i  

= a(k  . A ~ ’ ( x ” ( x ’ ( x ) ) ,  x ‘ ( x ) ) ,  A;’(X’(X), x ) ) a ( k ,  A ; ’ ( X ” ( X ’ ( X ) ) ,  x ’ ( x ) ) )  (8) 

for any transformations x ,  +xL(x), x L ( x ) + x ~ ( x ’ ( x ) )  of the Diff R” group. These 
relations follow from the associativity of a product of matrices, i.e. 

( . A ~ ’ ( x ’ ( x ) ,  ~ ) A ; ’ ( X ‘ ’ ( X ’ ( X ) ) ,  x ‘ ( x j ) ) k  = L l i ’ ( ~ ’ ( ~ ) ,  x ) ( : . \ , ’ (x” (x ’ (x  )), x ’ ( x ) ) ~  1, 
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and relation (3). Namely, 

(A;’(x’(x), x )A i l (x ” (x ’ (x ) ) ,  x’(x)))k 

= A;’(x”(x’(x)), x )k  

= k . AT’(x”(x’(x)), x)a(k, A;’(X’’(X’(X)), x ) ) t (x )  
and 

AL’(x’(x), x)(A;’(x”(x’(x)),  x ’ (x ) )k )  

= A;’(x‘(x), x ) k .  A,’(x‘’(x’(.~)), x ’ ( x ) ) u ( ~ ,  A;’(x’’(x’(x)), x ’ (x) ) ) t i (x )  

= k. AL’(x’‘(x’(x)), x ’ (x) )  . A;’(X’(X), X )  

X ~ ( k  . A;’(X”(X’(X)), x ’ (x) ) ,  A;’(x‘(x), x ) ) ~ z ( x )  

X ~ ( k ,  AT’(X”(X’(X)), x’(x)))t l (x). 

Since T is an invariant subgroup in TA one has 

t2(x)u (k, AT1(xfr(x’(x)), x ’ (x ) ) )  = u(k ,  AT’(x’‘(x‘(x)), x’(x)))t ; .  

Therefore 

A;’(x‘(x), x)(A;’(x”(x’(x)),  x ’ (x) )k)  

= k. A;’(X’’(X’(X)), x ’ (x) )  . Ar ’ (x ’ (x) ,  x ) u ( k .  AT’(x’’(x’(x)), x’(x)),  

x AT1(x‘(x), x) )a(k ,  AT’(x”(x’(x)), x ‘ (x) ) ) t ; (x) t l (x) .  (10) 
Then relations (7) and (8) follow from equations (9a, b )  and (10) and the uniqueness of 
the Iwasawa decomposition. When the matrix u(k ,  A;’(x’(x), x ) )  is written as 
exp(h(k, Al ’ (x ’ (x) ,  x))),  relation (8) reads 

h(k ,  A;’(X‘’(X‘(X)), x ) )  

= h ( k  . AT’(x’’(x‘(x)), x’(x)),  A i ’ (x ’ (x) ,  x ) )  + h ( k ,  A;’(X‘ ‘(X’(X)), ~ ’ ( x ) ) ) .  

(11) 
Using (4), (7) and (1 1) we obtain the decomposition 

A(x‘(x), x )k  = k. A(x’(x), x)a(k, A(x’(x), x) ) t (x) ,  

k . A(x’(x), x )  E SO(N), a(k ,  A(x’(x), X I )  EA, t 2 ( X )  E T, (12) 

k . A-’(x’~(x’(x)),  x )  = k . A-’(x”(x’(x)), x ’ (x) )  . A-’(x’(x), x )  (13) 

and relations 

and 

h ( k ,  A-’(X‘’(X’(X)), x ) )  = h(k  . A-’(X’’(X’(X)), x’(x)),  A-’(x‘(x), x ) )  

+ h ( k ,  A-l(x”(x‘(x)),x’(x))),  (14) 
where a(k ,  A(x‘ (x) ,  x ) )  = u(k,  A,(x’(x), x ) ) d ( A ( x ’ ( x ) ,  x)) .  The group A has the 
generators A’, A2, . . . , AN if det a f 1 (a E A). Therefore 

N 

i = l  
h (k ,  A - ’ ( ~ ’ ( x ) ,  x ) )  = ti(/?, A - ’ ( ~ ’ ( x ) ,  x))Ai,  

where t l ,  t 2 , .  . . , tN are the parameters of the group A. 



1628 A B Borisov 

2.2. The unitary representations of the Diff R N ( N  > 3) group 

The UR of the principal series of the SL(N, R ) ( N  > 3) group was described in I. It is 
convenient to extend these representations to UR of the GL(N, R) group using (I16), 
(121) and the representation (126) for the dilation generator. We obtain 

qI;(gx) = dk t : " ( k ) t $ ( k g - l ) ( z )  exp(a(h(k, g-')))(dw d,r)'/2qlw,8(x) 
'/' 

" 1 ' 1 '  

(16) 

with 

g-'k = k,-1 exp(h(k, g-I))?, k, k,-l E SO(N) ,  exp(h(k, g-')) E A, t c  T. 

where a(h(k,g-')) is the linear function on the Lie algebra of the group A. The 
representation (16) is unitary with respect to the scalar product (122) if a ( h ( k ,  g - ' ) )  = 
-a*(h(k, g-')). 

Let us construct a family of representations of Diff R " ( N > 3 )  parametrised by 
complex-valued functions on the Lie algebra of the group A. Firstly we introduce the 
auxiliary field q ( k ,  x), 

P(k,  x)  = db'* t ; (k)V:(x) ,  
wij 

and define the representation TXrc, ,  of the Diff R" group by the prescription 

V(k x'(x)) = Txyx)Wk, x)  

(17) 

dk.  A-'(x''(x'(x)), x'(x)) '" ) exp(a(h(k . A-'(x"(x'(x)), ~ ' ( x ) ) ) ) )  dk 

dk .  A-'(x' ' (x'(x)) ,  x'(x)) "* ) exp(a(h(k . K ' ( x ' ' ( x ' ( x ) ) ,  ~ ' ( x ) ) ) ) )  
dk 

dk . A- ' (x ' ' (x ' (x ) ) ,  x'(x)) . A-' (x ' (x) ,  x )  
( dk .  K ' ( x ' ' ( x ' ( x ) ) ,  x'(x)) 

xexp(a(h(k . A-'(x"(x'(x)), x'(x)), A - ' ( x ' ( x ) ,  x ) ) ) )  

x q ( k  . A-' (x"(x' (x) ) ,  x'(x)) . A-' (x ' (x) ,  x), x )  

x q ( k .  A-'(x' ' (x'(x)) ,  x), x). (19) 

The last step is due to the properties (13), (14) of the Iwasawa decomposition. Thus 
T,tz(,,)T,,c,) = T x ~ , ~ x - ~ x l ~ .  Let us denote a(Ai)(i = 1, 2, . . . , N) by ai. Then we write 
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Tx#(x)  more explicitly as 

dk . A- ’ (x ’ (x ) ,  x )  
d k  V ( k ,  x ’ )  = T,y,) W k ,  x )  = ( 

xexp( 9 aiti(k,  A - ’ ( x ’ ( x ) ,  x ) ) ) * ( k .  A - ’ ( x ’ ( x ) ,  x ) ,  x ) .  
i = l  

The operator T,’(,) is realised on the fields * ; ( x )  in the following form: 

The representation (20) is, in general, non-unitary with respect to the scalar product 
(122) if ai are the arbitrary complex numbers. Now suppose that a i ( i  = 1 , 2 , .  . . , N )  
assume only pure imaginary values. It is easy to show that the representation (20) is 
then a UR of Diff RN, i.e. 

1 *;Tw(x’)*;Y(x’)  = c * tw(X) * ; (x ) ,  
wij wij 

and has the form (16) for transformations of the GL(N, R) group. 
In order to find the infinitesimal operators for the representation (20), we consider 

the infinitesimal transformation of coordinates, x ;  = x, +~ f , (x ) ( le l<<  l), of the Diff RN 
group. Then the matrix elements A, , (x ’ (x ) ,  x )  have the form 

(21) 
The infinitesimal generators GL(N, R) are the matrices g,, (p, v = 1,2, . . . , N), whose 
matrix elements are given by (g,y)pp = -iS,pS,p. Therefore 

A,,(x + ~ f ( x ) ,  x )  = 4, + E  af,/ax,. 

A ( x + E ~ ( ~ ) ,  x )=~+ i r (a f , / ax , ) f l , , .  (22) 

From equations (20) and (22) we obtain the UR for the Lie algebra of Diff R N  
(N > 3) constructed in I (see 144~) ) :  

* :Y(x + E ~ ( x ) >  = ~ , + ~ f ( x ) * ; ( x )  = * \ ~ ( x ) + i € ( a f , / a x , ) ( ~ , , ) ~ i j , ~ , i , j , * y , ~ , ( x )  

= ( I  +€Tf)wij,w,i,j,*:;(x). (23) 

2.3. The unitary representations of Diff R 2  and Diff R 3  

We proceed by analogy with the construction of the UR of Diff R N ( N  > 3) and try to 
define the UR of Diff R2 and Diff R3 in the space of all series of the UR of SL(2, R )  and 
SL(3, R) respectively. It is convenient to extend the UR of SL(2, R) and SL(3, R) which 
are described in I to a UR of GL(2, R )  and GL(3, R )  respectively. From (I17), (119) and 
(I21), (126) we find the realisation of UR of GL(2, R )  and GL(3, R )  in the following 
form. For three series of the UR of GL(2, R) 

*L(gx) = ( m d ) m f l * f l ( x )  
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is a UR (with respect to the scalar product (I18), (122)) of Diff R’. The UR of Diff R’ is 
constructed in a similar way: 

12.g - A + l d ) / 3  
*;nm(x’)  = dk T%(k)(all(k, A(x‘ (x )>  XI)) 

X (azz(k, A ( x ’ ( x ) ,  x ) ) ” ’ ~ - ’ ’ + ~ ~ ) ’ ~  ( ~ ~ ~ ( k ,  A ( x ’ ( x ) ,  x ) ) ) ’  -w h-’d1’3 

X [(21+ 1)(21’+ 1)]”2~L~,)(k.  i i ( X ’ ( x ) ,  x ) ) q ; , , , , , ( x ) ,  (28) 

with 

k A ( x ’ ( x ) ,  x )  = ta(k,  A ( x ’ ( x ) ,  x ) ) k .  A ( x ’ ( x ) ,  x ) ,  

k, k . A ( x ’ ( x ) ,  x )  E S0(3), a (k, A ( x ’ ( x ) ,  x ) )  E A. 

It is evident that the representation (28) is unitary with respect to the scalar product 
(I20), (122) if the parameters d, p, A have values given in I. 

3. Summary 

In this work we have constructed the unitary representations of the Diff R N  group in 
the space of such UR of SL(N, R )  which have realisation in the space of functions on 
SO(N). We have used a method which is closely connected with the method of induced 
representations (Warner 1972) in the representation theory of semi-simple finite Lie 
groups; apart from the theoretical interest, it is an advantage in practical calculations. 
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