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The unitary representations of the Diff RV group
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Abstract. A new series of unitary representations of the general covariant group in
N -dimensional real vector space (group Diff R™)is constructed. The matrix elements of the
finite transformations in the space of the principal series of unitary representations of the
special linear group SL(N, R)(N >3) and in the space of all series of unitary representations
of SL(2, R), SL(3, R) are found.

1. Introduction

In recent years there has been much interest in the unitary representations (UR) of the
Diff R™ groupt (see the review by Vershik ez al 1975). It is important to construct the
UR of Diff RY because of their applicability to physical problems and the theory of UR
of infinite Lie groups.

The finite-dimensional representations (FDR) of Diff RN are well known. They are
defined on the tensors ®3: . 5(x)(r, s = ..) and the pseudo- tensors D55 (x) of
weight n (r,s=1,2,...) (n is an mteger) whxch under the Diff RY transformatlon of
coordinates x, - x,(x) transform as

w;  OXa, O )
Ry | 220 2 o) M)

Py =2 L
3%y, Xy, dxa, ~ Oxg,

and

" dXay ”ax;, 9xs, axs,q)g (), @)
89Xy, 0x,, 0xp,  dxp,

ax'
L VS (x’)—(det )
ox
At any point xo€ R" the matrices
{ax;1 0X o, OXs, axas} { ( det a_x’)" 0X4, X, OXs, ax,s,}
dxy, ' 0xy, 0xp, axp)’ ax/ ox, = oxy, 0xp,  oxg,

are matrices of the determined FDR of the linear group GL(N, R) for the element

g(Xo)={axL }eGL(N, R).

ax,

+ More precisely the Diff R N group is not a group in the present-day sense of the word (Singer and Sternberg
1965): it is a (Lie) pseudo-group which is defined in RN by families of diffeomorphisms, closed under the
operations of composition and inversion.
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In a recent paper (Borisov 1978, referred to hereafter as I) new series of UR for the
Lie algebra of the Diff R™ group in the infinite-dimensional space of the UR of the
SL(N, R) group were obtained. The present paper is a continuation of I. Here we
construct a new series of UR of Diff R™. They are defined in the infinite-dimensional
space of the UR of the SL(N, R) group and are realised by infinite-dimensional matrices
T o). At any point xo€ R" the matrices T «'x) are matrices of the determined UR of
GL(N, R) for the element

!

g(xo) = {:ij(x = Xo)}»

2. The unitary representations of the Diff R™ group

2.1. The Iwasawa decomposition for the matrix A(x'(x), x)

First we assume all the conventions and notations of I. In what follows we refer to
equation (...)of T'as (I...). Atevery point R" having coordinates x,, we associate
with the transformation (I1) the element A(x'(x), x) of the group GL(N, R) defined by
the matrix {A,,(x'(x), x)}={3x,(x)}/dx,}. Let us examine properties of this matrix,
restricting ourselves to the transformations (I1) with det A(x’(x), x)>0. The matrix
A(x'(x), x) forms the representation (non-unitary) of Diff R™ since the relation

Alx"(x"(x)), x (xNA(x'(x), x) = Alx"(x"(x)), x) (3

is valid for any transformations x, - x.(x), x.(x)=> x5 (x'(x)) of Diff R™. A(x'(x), x)
can be written as a product

Alx'(x), x)=d(Ax"(x), x)A(x"(x), x7}, {4)

where the matrix d(A(x'(x), x)) is proportional to the unit matrix I: d(A(x'(x), x)) =
det A(x'(x),x).I and A (x'(x),x)eSL(N,R). By the Iwasawa decomposition
{Helgason 1962) A,(x'(x), x) can be written as a product

As(x'(x), x) =ki{x)a(x)t(x), (5)

where k(x)eSO(N), a(x)e A, t(x)e T. In the following we will use two important
properties of the Iwasawa decomposition: (i) the Iwasawa decomposition is unique; and
(if) the product of some element k € SO(NV) and the matrix A;(x'(x), x) can be written as

Aglx'(x), )k =k . A (x' (), x)alk, A (x'(x), x)e(x), (6)

where k.A,(x'(x),x)eSON), alk, Ajx'(x),x)eA, r(x)eT. The matrices
k.AN(x'(x), x) and a(k, A7 (x'(x), x)) satisfy the relations

kAT (' (0), x) =k AT (R (x(x)), x'(x0) AL (x), x) (7)
and
alk, A7 (x"(x'(x)), x))
=a(k. A7 (x"(x"(x)), x'(x), AT (X (x), xDalk, AT (x"(x'(x), x' (X)) (8)

for any transformations x, - x(x), xL(x)»x5(x'(x)) of the Diff R" group. These
relations follow from the associativity of a product of matrices, i.e.

(AT (), DA " (), x" ok = A7 (x(x0), AT (x"(x'(x), x"(x)k),
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and relation (3). Namely,
(ATH (), X)AT (" (x' (%)), x'(x)k
= A7 (x"(x'(x)), X)k

=k. A7 (x"(x'(x)), x)alk, AT (x"(x'(x)), x))t(x) (9a)
and

AT (0, AT (3" (x)), x'(x)k)
= A7 (x'(x), )k AT (x"(x' (), x'(x)alk, AT (x"(x'(x)), x' ()t (x)
=k. AT "' (0)), X' (x)) . AT X' (x), X)
xa(k. A7 (x"(x'(x)), x'(x)), As ' (x(x), x))talx)
xa(k, A7 (x"(x'(x)), x'(x))ta(x). (9b)
Since T is an invariant subgroup in TA one has
ta(x)a(k, AT (x"(x'(x)), x'(x))) = alk, AT (x"(x'(x)), X' (x)))t2.
Therefore
AT (), X)AT (x"(x (x)), x'(x))k)
=k AT (), X' () AT (X (x), X)a k. AT (x"(x'(x)), x'(x)),
XA (x), x))a (e, AT (x"(x'(x)), x"(x))e2 (x)es(x). (10)

Then relations (7) and (8) follow from equations (9a, b) and (10) and the uniqueness of
the Iwasawa decomposition. When the matrix a(k, ATNx'(x), x)) is written as
exp(h(k, A;'(x'(x), x))), relation (8) reads

h(k, AT (x"(x'(x)), x))
=h(k. A7 x"(x"(x)), x'(x)), AT (x'(x), %))+ Bk, AT (x"(x'(x)), x'(x))).

(11)
Using (4), (7) and (11) we obtain the decomposition

Alx'(x), x)k =k . Alx'(x), x)a(k, A(x'(x), x))t(x),
k.A(x'(x), x)e SO(N), alk, A(x'(x), x)eA, t(x)eT, (12)

and relations

kAT (' (), ) =k A7 (x"(x'(x)), x'(x)) . A7 (x(x), x) (13)
and
Bk, A7 (x"(x'(x)), x)) = Ak . A7 (x"(x"(x)), x"(x)), A7} (x'(x), x))

+h(k, A7 (x"(x'(x)), x'(x))), (14)
where al(k, A(x'(x), x))=a(k, A;(x'(x), x))d(A(x’(x), x)). The group A has the
generators A;, A,, ..., Ay if deta #1 (a € A). Therefore

hik, A7 (x'(x), x)) = ﬁ ti(k, A7 (x' (x), X)) A, (15)

i=1

where 1, 15, . . ., ty are the parameters of the group A.
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2.2. The unitary representations of the Diff RN (N >3) group

The UR of the principal series of the SL(N, R)(N > 3) group was described in I. It is
convenient to extend these representations to UR of the GL(N, R) group using (116),
(I21) and the representation (I26) for the dilation generator. We obtain

1/2

i(gx) = w;/_, f dk t??"’(k)t?f,i(kg—x>(%i—") expla(h(k, g )N, du)'*Wi(x)

(16)
with
g 'k =kgrexp(hik, g ), k, k-1 € SO(N), explhik,g " NeA, teT.

where a(h(k, g_l)) is the linear function on the Lie algebra of the group A. The
representation (16) is unitary with respect to the scalar product (I122) if a(h(k, g ') =
—a*(h(k,g7")).

Let us construct a family of representations of Diff RN (N >3) parametrised by
complex-valued functions on the Lie algebra of the group A. Firstly we introduce the
auxiliary field W(k, x),

Wk, x) =3, du/* 15 (k)Wi(x), (17)

wif
and define the representation T, of the Diff R" group by the prescription
\Iﬂ(k’ x,(x)) = Tx'(x) \If(k’ x)

~1s .t 1/2
_ (d" A d(,f (x), X)) explar(h(k, A (x'(xe), DNW(k . A7 (x'(x), x), %),

(18)
That T, is a representation of Diff RN is straightforward:
T oo T ey Wik, x) =T o W'k, x'(x))

-1 " ' ' 1/2
_ (dk.A (x é)/i (x)), x (x))) expla(h(k. A~ (x"(x'(x)), ')

XW(k. A7 (x"(x'(x)), x"(x)), x'(x))
S W YN ' 1/2
=(d"-A “‘;’,‘c ("))”‘("”) explar(h(k . A7 (x"(x'(x)), X" (X))
y (dk AT (X (0O)), x'(0) AT (%), x)) 12
dk . A7 (x"(x'(x)), x'(x))
xexp(a(h(k. A7 (x"(x'(x)), x'(x)), A" (x"(x), x))))
Xk . A7 (x"(x'(x)), x'(x)) . A7 x'(x), ), x)

_ (dk ATHE(x(x), x)
dk

x Wk . A" (x"(x'(x)), x), x). (19)

The last step is due to the properties (13), (14) of the Iwasawa decomposition. Thus
T Ty = Terexp. Let us denote a(A)(i=1,2,...,N) by a;. Then we write

1/2
) expla(h(k, A" (x"(x'(x)), x))))
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T xy more explicitly as

“x' 1/2
V'(k, x') = Ty Wk, x) = (dk A d(: (x), x))

N

Xexp( Y auik, A (x), x)))‘l’(k ATV (x), x), %).

The operator T, is realised on the fields ¥{;(x) in the following form:

dk. A7N(x'(x), x)) 12
dk

i) = T W) = | k(s du)r ()

N ’ ’
X exp( Y aii(k, AN (%), x))) toi(k. ANx'(x), P i(x). (20)
i=1

The representation (20) is, in general, non-unitary with respect to the scalar product
(I22) if «; are the arbitrary complex numbers. Now suppose that a;(i=1,2,...,N)
assume only pure imaginary values. It is easy to show that the representation (20) is
then a UR of Diff RY, i.e.

T W) = U Px),

wif wif
and has the form (16) for transformations of the GL(N, R) group.

In order to find the infinitesimal operators for the representation (20), we consider

the infinitesimal transformation of coordinates, x/, = x,, +€f, (x)(le| « 1), of the Diff R™
group. Then the matrix elements A,,, (x'(x), x) have the form

A (x +€f(x), x) =8,, +€ 8f./0x,. 21

The infinitesimal generators GL(N, R) are the matrices F.(u,v=12,...,N),whose
matrix elements are given by (F,.)as = —i8,a0,5. Therefore

Alx +ef(x), x) = I +i€(3f./3x,)F... (22)

From equations (20) and (22) we obtain the UR for the Lie algebra of Diff RV
(N >3) constructed in I (see I144a)):

\Iff,‘"(x +ef(x)) = T v tefo) ‘I’?;(X) = ‘I’T;(X) +ie (afu/axv)(ﬁuv)wii-w'i'i"lr?}'(x)
= (I +€Tp) i Y iH(x). (23)

2.3. The unitary representations of Diff R? and Diff R®

We proceed by analogy with the construction of the UR of Diff R™(N >3) and try to
define the UR of Diff R? and Diff R? in the space of all series of the UR of SL(2, R) and
SL(3, R) respectively. Itis convenient to extend the UR of SL(2, R) and SL(3, R) which
are described in I to a UR of GL(2, R) and GL(3, R) respectively. From (I17), (I19) and
(I121), (126) we find the realisation of UR of GL(2, R) and GL(3, R) in the following
form. For three series of the UR of GL(2, R)

W..(gx) = (T(8))mn ¥nlx)

= J dk fr.(k) @k, g7 Y X az(k, g N TV R (k) Walx), (24)
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with

g 'k =kyalk,g e, k, kg1 € SO(2), g€ GL(2, R), detg>0.
For three series of the UR of GL(3, R)

Winm(8%) = (T(8)) tnm,i'n'm ¥ 1'mrm (%)

= J dk 7 (k) @k, £)* 7 aaalk, @)

x(ass(k, §) M OPR1+ DRI+ D] 1 (k)W (), (25)
with

kg =1k, g)k,, g€ GL(3, R), detg >0,

k, k, € SO(3), alk,g)€ A, teT.

Replacing the matrix elements g, (u, ¥ =1,2) by A, (x"(x), x) (x € R?) in the infinite
matrix {{T(g))m~}{g € GL(2, R)) we obtain the infinite matrix {(T ) )mn} as follows:

(T o) Imn = J dk fE (k) ar(k, AN (x'(x), x)))idsr2

X (@za(k, A7Hx'(x), X)) TV (ke AT (), X)) (26)
It is evident that
‘y:n(x,) =(Tx'(x))mn\Pn(x) (27)

is a UR (with respect to the scalar product (118), (I22)) of Diff R? Theurof Diff R%is
constructed in a similar way:

W) = [ 730 () sk, A (), 1) 24479

X (aza(k, AGx'(x), )72 ass(k, Ax'(x), 1))

X[(21+ 1)@+ D121 (k. Al (x), X)W o), 28)
with

kA(x'(x), x) = ta(k, Alx'(x), x))k . Alx'(x), x),

k, k. A{x'(x), x) € SO(3), alk, A(x'(x), x)) e A.

It is evident that the representation (28) is unitary with respect to the scalar product
(120), (122) if the parameters d, u, A have values given in L.

3. Summary

In this work we have constructed the unitary representations of the Diff R™ group in
the space of such UR of SL(N, R) which have realisation in the space of functions on
SO(N). We have used a method which is closely connected with the method of induced
representations (Warner 1972) in the representation theory of semi-simple finite Lie
groups; apart from the theoretical interest, it is an advantage in practical calculations.
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